INTRODUCTION
While tomographic reconstruction techniques are commonly utilized for the analysis of electromagnetic (typically x-ray) wave propagation data, this approach is infrequently used to examine acoustic data outside the geophysics community. However, acoustic tomography offers some distinct cost and performance advantages over conventional imaging techniques and some unique capabilities which are currently under investigation. One of the most intriguing of the enhanced capabilities is multiparameter imaging. In conventional ultrasonic testing, one usually concentrates on a single parameter of interest, whether it be amplitude, velocity, etc. and for most applications this is fully adequate. This is also true for most tomographic imaging situations such as x-ray tomography where attenuation is sought as the parameter to be obtained from the reconstruction process. However, in many cases, one parameter alone fails to yield full information about the material state even for isotropic media where two independent material stiffness parameters are required for complete characterization. For anisotropic media, the situation becomes increasingly complex with the degree of anisotropy with 21 independent material parameters required. In this work, we address the problem of multiparameter reconstruction and detail a way in which a standard reconstruction technique namely the algebraic reconstruction technique or ART can be modified to achieve this goal. Both isotropic and anisotropic situations are considered. Also, as a practical application of this approach, we address the problem of residual stress determination. Certainly, the use of tomography for residual stress analysis is not new. However, in all these studies, only a single residual stress parameter was reconstructed. This approach is quite satisfactory providing the stress state is uniaxial. Here, we develop a general approach for the tomographic reconstruction of a triaxial stress field.
BACKGROUND
To this point in time, most applications of mUltipara meter image reconstruction have been in the geophysics area.
For geophysical applications, one popular way to reduce the number of unknown material parameters without inordinately compromising the nature of the solution is to assume that the anisotropy is weak. In this way, one can utilize a first order perturbation solution to obtain a simplified version of the problem. With the assumption of weak anisotropy, the angular dependence of the quasilongitudinal velocity assumes the simple form V QL (q,) = "o( 1 + ~ sin 2 q, cos 2 q, + E sin 4 q,) (1) Similar expressions may be devised for the remaining two modes of propagation. This perturbed solution accurately models the shape of the slowness surface with a limited number of additional parameter. The use of weak anisotropy for tomographic application was originally suggested by Stewart [I] and has been widely utilized recently [2] [3] [4] . However, it should be pointed out that their efforts have employed a single mode of propagation (quasilongitudinal) and have not produced fully satisfactory images. This is possibly due to a lack of full specimen coverage in cross borehold tomography experiments and differing sensitivities of quasilongitudinal velocity measurements to the three parameters of interest. For weak anisotropy, tomographic images of three parameters have been obtained only for a single mode of wave propagation and by placing strict upper and lower bounds on the anisotropy parameters E and 6 and also requiring that tomographic reconstruction be "smooth" by using a penalty function to penalize solutions which exhibit large variations in material properties from point to point. To address some of these concerns, Wang et. al. [5] proposed an approach which took advantage of the varied modes of acoustic wave propagation and did not rely on quasilongitudinal wave information alone. Also, this approach did not restrict attention to the case of weak anisotropy.
THEORY
In this work, we extend the earlier treatment of Wang et. al. [5] to three parameters and apply it to the case of an arbitrary, triaxial distribution of residual stress in a solid. Here, we assume that the residual stress field is triaxial and varies with position. Therefore, we seek to reconstruct, pixel by pixel, the value of the principal strains [ai, a2, a3] in each cell. To keep the problem mathematically tractable, we assume that the material is initially isotropic and homogeneous and that the acoustoelastic effect is relatively small. Hence, we may assume that the ray paths are essentially straight as they would be in an unperturbed medium.
The basic formulation of the residual stress problem is that developed by Sinaie [6] +~ JI-( 2J1+~n) (XI+ 2J1(X,+(A.+2J1+m)6
where 6 = (Xl + (X2 + (X3 Ifwe allow for the case that the principal objections are unknown, we must transform the Christoffel elements using the standard, second order tensor transformation equation (6) Therefore, we know the mathematical relationship between the wave speeds or slownesses in any given pixel (or equivalently at any given x, y location) for each propagation mode. For the parameter reconstruction it is particularly convenient to assume that we can identify the transit times for each mode of propagation for each of the sensor-receiver pairs.
(TI' T , > Tq)
As for conventional tomographic reconstruction, we begin with given ray and assumed residual stress distribution and proceed iteratively ray by ray until our predicted time delays match the data as well as possible for all of the rays. To illustrate the basic modifications to ART which are necessary for multi-parameter reconstruction, a three parameter reconstruction is detailed below. Here we assume that three independent velocities can be directly measured in any given direction. The time delays can be represented as functions of the three principal strains for the residual stress field. Therefore, at each step, one can estimate the time delays for the three modes of waves based on the current values of these parameters.
I -
The task is then to determine the modifications of the images to match the measured data, or equivalently
Since the modifications of the images at each step are considered to be small, the above three equations may be linearized using Taylor's series 
(15)
For any given acoustic ray and an n x n square array, this represents three equations in 3n 2 and is insolvable. This is the same ptoblem that occurs in single parameter reconstruction where a minimum correction criterion is employed to overcome this hurdle and obtain a unique solution. Here we adopt a similar approach. We chose to seek a solution which minimizes a measure of the correction given by
subject to the constraint that the predicted transit times match the measured transit times.
To solve this problem, the Lagrange multiplier method is employed. From equations (16)- (18), the constraint equations for the minimum solution problems are
Then, following standard Lagrange multiplier procedure we form the following new function which must be minimized. Then we have a system of linear equations in 3n 1 + 3 unknowns to solve
(26)
This yields a solution for the modification factors given by 
fJall} fJall} fJa21} fJa2 11 fJa31} fJa31} 3 Note that the repeated indices summation convention has been applied to indices i and j .
Therefore, a typical step for the iterative reconstruction algorithm is given by
This proces~ is repeated for each ray until convergence is achieved. This procedure is readily extended to accommodate additional reconstruction parameters using the same Lagrange multiplier approach.
RESULTS AND DISCUSSION
Results from several multiparameter reconstructions of synthetic residual stress distributions were obtained. Both two and three parameter distributions are shown. For these reconstructions, a 21 x 21 pixel reconstruction domain was used. As stated previously, in this study the effect of acoustoelasticity is assumed to be small. Therefore, we could neglect refraction/ray bending effects in these calculations for both the forward calculations (for the "actual" transit time data) and in the reconstruction. The transit times were given by the following summation The sample was assumed to be aluminum.
For the reconstruction, we assumed a unifonn distribution of 84 sources and receiver (21 on each side) around the perimeter of the sample. Transit times were calculated for all source/-receiver pairs for either two modes of propagation (1 quasilongitudinal and 1 pure mode transverse) or three modes (1 quasilongitudinal, 1 pure mode transverse, and 1 quasi-transverse) depend- ing on the number of reconstruction parameters sought. For the first reconstruction problem considered, we considered an initially isotropic square sample with a circular region in the center of the sample subjected to a uniform biaxial stress with the principal axes coinciding with the sample edges. The geometry is shown in Figure 1 . We assumed a uniform, zero stress state throughout the sample as the starting point for our tomographic iteration. Figure  2 shows the tomographic images for both biaxial stresses after 10 iteration steps. Clearly, by the 10th step, a high quality image of stress-state was achieved. Figure 3 illustrates the convergence behavior for each of the two images. Here we use the sum of the squared differences in residual stress values from iteration to iteration as a measure of the degree of improvement in image quality at any step in the iteration process. Beyond the 10th step, little improvement in image quality was observed. Similarly good results were obtained for the triaxial stress state illustrated in Figure 4 . Again, convergence was achieved by the tenth iteration. 
CONCLUSIONS
A technique for the tomographic reconstruction of multiple material parameters from acoustic data has been described.
The technique is based upon a modified version of the ART algorithm and utilizes acoustic data from multiple modes of propagation (e.g. longitudinal & shear)
Results are presented for a variety of simulated material property distributions. Particular attention has been paid to the problem of an arbitrary distribution of residual stresses.
